where I ∈ Ω 1 (M, T M) is the complex structure on M.
The following property is true for any special Kähler manifold.
Theorem 1. Any special Kähler manifold has nonnegative Ricci curvature. Moreover, if the scalar curvature is identically zero, then the curvature tensor itself vanishes.
Proof: We take (z 1 , · · · , z n ) to be a special coordinate system. Under this coordinate system, the Kähler form can be represented as
where u is a local holomorphic function [1, page 5] and u ij is defined as
It is then a straightforward computation that where our definition for the curvature tensor is
is the projection onto the (1, 0) part of the complexified tangent bundle. F is a global section of the bundle Sym 3 T * M. Locally F ijk = u ijk . Thus we have
We remark that the above identity is valid for any local holomorphic coordinate system, because both sides are tensors. From (1) we see that the Ricci curvature is nonnegative. Furthermore, if the scalar curvature ρ
is identically zero, then the curvature tensor vanishes.
Theorem 2. If (M, ω) is a complete special Kähler manifold, then the curvature tensor vanishes.
kl F ijm to be the covariant derivative of F ijk . By the Bochner formula
where R m 1 m = −h αβ R αβm 1 m is the Ricci tensor. In particular, we have
We use the version of the generalized maximal principle in [2, page 582, Lemma 1.1]. The original statement in [2] is quite general. We rewrite it in the following (simplified) way: (aρ) 2 . By the above proposition we see that aρ ≤ 1. Letting a → ∞ we see that ρ ≡ 0. The theorem thus follows from Theorem 1.
